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Abstract— We consider the maximization of the weighted sum and realistic BER values, our approach is more connected
of rates in a multiuser OFDM system with dynamic subcarrier to real systems than those dealing with error-free casciti

allocation and subcarrier-wise adaptive_ modulation and_pwer. where the transmit alphabet and the decoding complexity are
We assume a total peak power constraint and a target Bit Error .
unconstrained [6], [9].

Rate (BER). We allow each subcarrier to be shared by more than
one user. This sharing implies an interference which the regivers In our formulation, we allow each subcarrier to be shared
deal with as noise. In this paper, we show that the resulting , ore than one user simultaneously without the use of hier-
non-convex optimization problem can be decomposed into two archical modulation. For each user. sharing a qiven sulezarr
tractable subproblems: a subcarrier assignment and a power < : . ] ' 9 .g . 8
allocation. We prove that the optimal subcarrier assignmenis With other users results in an interference which is conside
exclusive, i.e. each subcarrier has to be allocated to one ars as noise. This interference makes the allocation problem a
only. The optimal power allocation corresponds to a multileel complicated one. In fact, increasing a given user data rate
water-filling. Since the solutions to these_ two subprobler_n_are by granting more power adds more interference to the other
mu_tually depen_dent, one can use exhaustlve search to exp1|d_1e users sharing the same subcarrier and. consequentl ir
optimal subcarrier assignment. To avoid the burden of exhastive g ’ q ydﬂ{_ el
search, we show that a close-to-optimal low-complexity safion rates are degraded. However, we show how the resulting non-
is obtained if the total power is equally partitioned among he convex optimization problem can be decomposed into two
subcarriers. Finally, simulation results show that the prgposed tractable subproblems: a subcarrier assignment and a power
suboptimal solution yields a significant gain in terms of aveage 4 15cation. Resolving the first subproblem reveals that the
Welght_ed sum of rates compared to a traditional static subcaier obtimal subcarrier sharing isxclusive that is each subcarrier
allocation ! p 9 ¢that

must be allocated to one user only. This corresponds to the
Orthogonal-Frequency Division Multiple-AcceS©FDMA)
o ) ] scheme. OFDMA was adopted in WiMax [4] with a special
~ Orthogonal-Frequency Division Multiplexing (OFDM) [1] sypport for adaptive subcarrier and power allocation. Ailsim
is an attractive bandwidth-efficient modulation technidae result about OFDMA optimality was stated in [7] in the spécia

broadband services in dispersive environments. The choicgse of equal weights where the problem reduces to a togal rat
of OFDM in key standards, such as IEEE802.11a/g [2] fQhaximization.

WLAN and IEEE802.16d (WiMax) [3], leads to an increasing
interest in enhancing the performance of multiuser OFDM sys
tems. Performance improvement can be achieved by optim

I. INTRODUCTION

Unfortunately, the solutions to the above subproblems are
utually dependent. This means that the choice of the sched-

ing the way the different parameters, such as the subcarri d user on a given subcarrier requires the_ knowlgdge of
wise modulation and power, are adapted to the channel con e power allocated to that subcarrier. T_he optimal subarr
tions and to the required Quality of Service (QoS). Thisgsel aSSignment can be found by exhaustive search. Once the
different link adaptation strategies depending on the ehosOptlmal subcarrier a;sgnment |s.found, the ;qluﬂon to the
optimality criterion [5][9]. second subproblem is simplyraultilevel water-filling[9] of
the total power.

data rates on an uncoded OFDM downiink nder & tota pegk® 201 the complexiy of exhaustve search, we propose
power constraint and a target BER. The weighted sum of rat%ll suboptimal solutpn by partltlgnmg the total power ed_},ual
is a relevant criterion for heavy dc;wnload applications m/hegl%Ong the sub_carners. Slmulatlon results show _that tis lo
the users are assigned to different priority levels. PliEsi comple?qty optimal solution has a close-to-optimal perfor

S R ' mance in terms of average weighted sum of rates. Furthermore
are controlled by adjusting the weighting factors. Morepve

maximizing the weighted sum of rates for arbitrary Weight%ue to the multiuser diversity gain, both optimal and sub-

characterizes the boundary of the achievable rate rei r;i?]timal solutions outperform the static subcarrier altoma
y 9'0%here a fixed set of subcarriers is allocated to each uses. Thi

By considering the uncoded case with M-QAM mOOIUI""t'oaiversity gain follows from the fact that a “bad” subcarrier

1This work was supported by a French ANR RNRT-Grant undergroj that suf_fers from a deep fade, for one user may be a “good”
DIVINE. subcarrier for another user.
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Fig. 1. System Model.

[l. SYSTEM MODEL whereE[.] denotes the expectation with respect{t ,, } and

Consider a single-cell OFDM downlink wittv' subcar- {0k} With E[|di,|*] = 1 and E[|bk,[*] = o7 ,, we get

riers and K users. With sufficiently longcyclic prefix and 9
. . . . |Oék n| Pk.n

perfect subcarrier synchronization, the discrete modethef Vo = 5 e . S

frequency-selective fading channel is equivalentMgarallel | vk, Zj:l,j;ék Pin t Ojp

flat-fading channels with additive Gaussian noise. (Fig. 11}_0r large number of users, the interference term in (2) can
If Wethdenote bydkmththe M-QAM symbol transmitted 10 o 555roximated by a Gaussian noise. In this case, we can
the ™ user on then ) subgarner with an aIIocat_ed POWET;se the following BER approximation from [11] for M-QAM
Pk.n, then the transmitted signal on that subcarrierjs = signaling over Gaussian channels

ZkK:11/—pk7ndk7n. This sum is the contributions of thé&
users sharing the considered subcarrier. The receivedlsign

where BER denotes the target bit error rate for all the users,
vk,» 1S the average SINR given by (2) agd,, is the number

corresponding to thé'” user on then" subcarrier is
of bits per M-QAM symbol for thek! user on then'”

wherea, ,, is the corresponding fading amg,, is the additive Subcarrier. From (3) we gefy , = log, (1 4 yx,./T') where
noise. For slowly-fading channels, the coefficiefits. ,} are the BER-dependent parametigrcalled the “coding gap” [11],
considered invariant during one resource adaptation cycie given by
Moreover, they are assumed perfectly and instantaneously

known to the base station. )

The k' user needs to estimate the useful data symhol Note that if we dividey, ,, by the OFDM symbol duratioff’,

from yy., for eachn. Hence, we decompose (1) into a usefyle obtain the data rate for the” user on thex'™ subcarrier.
term and an interference-plus-noise term as follows Assuming a coherent demodulation with a Nyquist matched

2

_1'5’Yk,n

T 3)

BER =0.2exp <

K
Yen = Qk.n Z \/pj,ndj,n + bk,n (1)

j=1

I' = —In(5BER)/1.5.

K filter, 1/Ts is equal to the subcarrier spacint/{’s = B/N)
Ykn = Ckny/Prnbin + (Qkn Y /Pimdin + ben)- whereB is the total OFDM bandwidth. Thus, the quantty,,
j=1,j#k is equivalent to thepectral efficiencin bps/Hz. Howevery;, ,,

We define the averagdignal-to-Interference-plus-Noise RatidS SimPply called "data rate” henceforth. The data rate aete
by the k** user on theN subcarriers is

(SINR) by
E[|ak,n\/pk:.n,dk:.n,|2] N N
Yen = K : : qk(P) = Qhn = ]0g2 (1 + 'Vk,n/r) 7 (5)
Ellakn Ej:l,j;ék /Pindjn + brnl?] nz::l ngl



where P is the Power Allocation MatrixP = [py ] wherer, (P) represents the weighted sum of rates achieved
In the next section, we formulate the weighted sum of ratéy the K users on the same subcarrier of indexi.e.
maximization problem and we decompose it into two tractable K

subproblems. ra(P) = wilogy (1 + kn/T). (10)
k=1

Now, we introduce a new matri€' = [cx,,] whose elements
are defined by

K
P) = Zwk qk (P)’ Ckn = pk,n/pn S [0; 1]; (11)
wherep,, is the power allocated to the'" subcarrier

Il. MAXIMIZING THE WEIGHTED SUM OF RATES
The Weighted Sum of Ratés defined by

wherew;, is the weighting factor for thé&*" user. From (5),
this sum can be written as follows Pn = Zp,m. (12)

P) = Zwk Z log, (14 Y, /T). (6) The matrixC results from the power allocation matrik by
n dividing the elements of each column i by their sum. The

Without loss of generality, we can assume that the weightifigfal power constraint (8) becomes

factors{wy, } satisfy N
K > o = Dot (13)
Z wi = 1. n=1
k=1 According to (11) and (12), for alt € {1, .., N}, the elements
We consider the following optimization problem of the matrix(’ satisfy
K
= max r(P), (7) Z Chom = 1. (14)

subject to theotal power constraint
Thus,cy ,, is the fraction of power allocated to thké" user on

iv: ipk Dios ) then!” subqarrier out _of the total power, allocated to a_lll the
" ° users on this subcarrier. The quantify,, can be considered
as a non-discrete indicator of the subcarrier assignmdris T
Thus, our objective is to find the appropriate power als because when;,, = 0, the k" user does not make use of
location that yields the maximum achievable data rate the nt* subcarrier and, in the opposite case wherg = 1,
The BER constraint is taken into account in (6) through th@ie considered subcarrier is exclusively allocated to tisisr.
parameterl” defined in (4). The link adaptation is reduceqn all other “non-extreme” cases, the subcarrier is acyuall
here to power allocation. The term “subcarrier assignmenghared by more than one user. For this reason, we(taHe
does not appear yet since it is implicitly performed via thgubcarrier Assignment Matrix
power allocation. In fact, when the power granted to a given ysing (11) and (12), the SINR expression (2) becomes
user on a given subcarrier is non-null, we can say that this Din ChnPn
subcarrier is allocated to that user. But this allocatiomas — Vk.n = ——— = : ——- (15)
necessarily exclusive since other users may also have albn-n DPn = Pkt ‘a:—n‘z (1= ckn)pn + Ia:—m

powers on the same subcarrier. substituting (15) into (10), we see thai(P) is a function
The optimization problem (7-8) is complicated because Bfrythe power]? (an)d Ofc( :) [1.ms €2 ha;(cK) Jt, which is

the interference term in the SINR expression (2). In factemwh he nt" column in the matrixC. i.e.
more power is granted to a given user on a given subcarrier, t '
data rate of this user increases. Meanwhile, more intavtare r,,(P) = 7, (pn, Cn)

is added to the other users on the same subcarrier and, con-

n=1 k=1

K

sequently, their achievable data rates are degraded. Hwwev Zwk log, |1+ Ck,;nPn . (16)
in what follows, we show how this non-convex optimization — ((1 — Chn)Pn + 0%.“2) r
problem can be simplified by decomposing it into two traatabl |tk
subproblems. It follows that the weighted sum of rategP) in (9) can

be seen as a function of the vector= [p1,ps, .., py], that
describes how the total powex,; is divided among theV
We start by rewriting (6) as follows subcarriers, and of the matriX. Thus, equation (9) becomes

N N
= ra(P), 9) r(0,C) =3 (P, cn).
n=1 n=1

A. Problem decomposition



This allows us to transform the optimization problem (7)pintin other words, the optimal vectaf;, has only one non-null
the following equivalent form component equal to one at the positigh(p,,). Equivalently,

1" = maxr(p,C), (17) We can write
. > . _ |k 2P
subject to the constraints (13) and (14) which replace th&x7n(pn,cn) = max wilog, [ 1+ —5——==|. (23)

=1,.., o2 T
total power constraint (8). Furthermore, without any aiddial k.
assumptions on the functiofip, C'), we can carry out the joint

optimization in (17) through two consecutive steps as W80 proof: The proof is carried out by mathematical induc-
N tion with respect to the number of useks. Using (14) and

r* = max (mgx Z Tn(Pn, cn)> (18) (16), the quantity, (p,, cn) to be maximized in (23) becomes
P n=1 a functionfy of the K —1 variablesc ,,, .., cx—1,, as follows

Notice that (14) is a set oV independent constraints on the

level of the individual columns:,’s of the matrix C. This fr(ern, o cx-1) =

means that, for instance, the way the first-carrier allatate K—1
power p; is divided among the users has no effect on the Z wy logy |1+ Ck,nPrn —
achieved data rate on the other subcarriers. Thus, equation k=1 ((1 — Chon)Pn + |a:—n\2) r
(18) is equivalent to
al Fwg log, |1+ (=%, conn
* K 2 2
= gk ) max (o ) (19) O

This last equation shows that the maximum weighted supdr K = 2 users, we get a functiof, of one variablec; ,,.

of rates can be reached by first finding the optimal pow@y showing thatf is strictly convex or0, 1], we prove that
partitioning c;; that maximizes the data rate,(p,,cn) for its maximum corresponds te ,, = 0 or/and¢; ,, = 1. This
each subcarrier with a givem,, and then finding the power al- proves (23) fork = 2. Then, one can assume that (23) is met
locationp* = [p;, .., py] that maximizes the overall weightedup to K users and prove it foi + 1. m
sum of ratesy ', 7, (pn, c). Thus, the optimization prob-

lem (19) can be decomposed into the following subproblems |, high-SNR regime I@ml%n/(oi,nF) > 1), equation

c; (pn) = argmaxry, (pp, cn) (22) becomes:;, (p,) = argmaxy(|ak,n|*pn/ (0} ,,T))"“*. ON
) n ) the contrary, in low-SNR regime the index of the optimal
subject to constraintl4), (20)  user is simplyk* = argmax; wi|awn|?/(02,,T), which is

independent op,,.

The above theorem proves the optimality, in terms of
weighted sum of rates, of the exclusive subcarrier assigime
i.e. the OFDMA scheme, with an appropriate power allocation
OFDMA optimality was stated in [7] in the special case
In (20), the notatiore;, (p,) suggests that the optimal subcarof equal weights. Another mathematically-similar resuiinc
rier assignment;, on then'" subcarrier may depend on thebe found in [10] where optimal resource allocation in code-
amount of powep,, allocated to that subcarrier. division schemes is considered from an information-theécak

Remember that an argument was given above for calling point of view. This is again a special case of (23) since it
the “subcarrier assignment matrix”. Therefore, the follogv considers error-free data rates where the coding gap isl equa
section that considers the first subproblem (20) is calleg zero decibel Il = 1).

“Optimal subcarrier assignment”. Now, we have to decide how to partition the overall power
Pior @mong theN subcarriers by resolving the second sub-

B. Optimal subcarrier assignment . L X . :
. . _ o problem (21). This issue is discussed in the following secti
Here we provide the solution to the first optimization sub-

problem (20). The following theorem shows that(p,,ca), C. Optimal power allocation

defined in (16), is maximized when the whole powey is From (16), the optimum subcarrier assignmejitgiven by

exclusively allocated to one user. Theorem 1lyields on then'” subcarrier a weighted sum of
Theorem 1:The weighted sum of rates, (p,,, cn) achieved rates equal to

by the K users sharing a total amount of powseron the same
subcarrier of index: is maximized when the whole powgy,
is allocated to the user of index

N
p’ = argml.;;tx zzl Tn(Pns € (Pn))
n=

subject to constrainf13). (21)

* |k (p )| 2P
Tn(Pns €a(Pn)) = Wi (p.)l0g2 1+S(p7)r ,
Uk;‘z (pﬂ ) ;1

Uﬁ,nf subproblem (21), consisting of maximizing the total weaght

Ly

Wi
kX (pn) = arg max (1 4 |Oék,n|2pn> (22) where k¥ (p,,) is given by (22). Thus, the power allocation
n n k= = .



sum of rates, becomes equivalent to

N
N

N — Optimal
« 1 — ¥ — Suboptimal q
r* = max Z Tn(Dn, Co(Pn)) (24)

P1,-PN el

N
o

=
©

under the total power constraint (13). Unlike the case ofagqt
weights in [7] where the power allocation step is resolved k
traditional water-filling [12], the optimization problen24) is
more difficult. This is due to the dependency of the optimi
scheduled user index in (22) on the amount of powgrIn
fact, all that (22) provides is the assertion that only orer is

= I =
N i o

Average weighted sum of rates
=
o

to be scheduled on each subcarrier. However, for a given us 8 i
scheduling configuratioiiky, .., kn) wherek,, stands for the
index of the scheduled user on the subcanigwe can prove, 6 i
using Lagrange multipliers method12], that the following A ‘ ‘
sum 5 10 15 20
Average SNR (dB)
- [, 2P
in T n . . P
r= Z wk:legQ 1+ 271_‘ (25) Fig. 2. Average weighted sum of rates versus average SNRpfimal and
n—1 Okn,m suboptimal solutionsK = 2 users,N = 8 subcarriersw; = 0.6, w2 = 0.4,

BER = 1073, P;ot = 1, Number of channel realizations=1000).
is maximized by multilevel water-filling. This is true in par
ticular for the optimal schedulingki, .., k}). Thus, we can
proceed by exhaustive search to find the optimal subcarrier V. SIMULATION RESULTS
allocaﬂo_n (or user schedullngk}v, ..,kN_). For each candidate We consider an OFDM system with two users subject to
scheduling(ks, .., kn) of the K%V possible ones, we use the

. - . i.i.d. Rayleigh fadingsayx | with E[|ax.»|?] = 1. We assume
multilevel water-filling to calculate the correspondingwers " ’ 9 B
. . ) that the AWGN powerss; ,, are all equal tos® = Ny

and (25) to find the resulting weighted sum of rates. The . . i . N

optimal scheduling and power allocation correspond to tr\{vhere No is the noise power spectral density s the

punm uing P po tgtal bandwidth. We define an “average SNRR’by

maximum weighted sum of rates. Such exhaustive searc

is certainly impre_lctical because of its high cqmplexity. A 5 = prot/ (NoB) = prot/ (N2).
reduced-complexity search method can be derived from the

results in [9] where a similar problem is handled in thdhe value of N is limited to eight subcarriers in order to
Lagrange dual domain. Hereafter, we propose a simple siiave bounded simulation time when exhaustive search is

optimal solution based on equal-power allocation. implemented. The BER value iBER = 10~° and all the
data rates hereafter are normalized to the total bandwidth
D. Equal-power suboptimal solution In Fig. 2, we show the average weighted sum of rates versus

the average SNR for the optimal solution found by exhaustive
When the users undergo i.i.d. fadings on the differeRkbarch and multilevel water-filling, as well as the suboptim
subcarriers, the powers allocated to the different subaIrm go|ytion based on equal powers. The weighting factors are
have obviously the same statistical average. Therefore, W8, ws) = (0.6,0.4). As expected, there is no significant
expect that a subcarrier assignment based on equal powss&ormance loss when the scheduling is decided with equal
Pn = ptot/N for all n, has a close-to-optimal performancg,owers instead of multilevel water-filling-based powers.
in terms of average weighted sum of rates. This is confirmedNOW, we want to compare the suboptimal adaptive sub-
by the simulation results presented later in Section IV.Witcarier assignment to a static subcarrier assignment where
equal powers, equation (22) becomes fixed set of subcarriers is allocated to each user. For equal
wi weightsw; = we = 0.5, it seems natural to allocatd’/2
subcarriers to each user in the static scheme. To make the
comparison fair in the case of unequal weights, we propose
to allocate N; and N» subcarriers to the first and to the
Thus, the suboptimal schedulir@él,..,l%]v) can be found with second user respectively with'; /N> ~ w;/wy. This can
low complexity since no exhaustive search is involved. Ibe achieved by takingvy = floor(w1N), No = N — N,
the following section, we show how close this suboptimathere fioor(x) is the closest integer ta. This subcarrier
solution is to the optimal one found by exhaustive seargiartitioning is better understood when Fig. 3 is considehed
and multilevel water-filling. Then, we compare the subojtim Fig. 3, we plot the ratio of the average number of subcarriers
solution performance to a traditional static scheme whereallocated to user 1 to the total number of subcarriéfs
fixed set of subcarriers is allocated to each user. versusw; for both the optimal and the suboptimal solutions.
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Fig. 3. Average number of subcarriers allocated to user Infabized to Fig. 4. Average weighted sum of rates versus average SNRufmyptimal
the total number of subcarrier8’) versusw; for optimal and suboptimal and static allocation scheme& (= 2 users,N = 8 subcarriersw; = 0.6,
solutions ¢¢ = 2 users,N = 8 subcarriers,BER = 1073, Pyot = 1, wz = 0.4, BER = 1073, Pt = 1, Number of channel realizations=1000).
Average SNRy = 10dB, Number of channel realizations=1000).

is based on equal-power allocation and presents a close-to-
We see that this ratio can be approximated dy. This optimal performance. Simulation results also showed that t
observation is independent of the average SNR value and of proposed suboptimal strategy yields a significant gainrimse
Consequently, it is fair to compare the weighted sum of rate$ average weighted sum of rates compared to a traditional
obtained with the suboptimal solution to the weighted sum gfatic subcarrier allocation.
rates corresponding to static subcarrier allocation whieee  Future work will focus on the case of differentiated-QoS
first floor(w;N) subcarriers are allocated to the first usesmpplications where a user-wise target BER has to be met.
and the remaining ones are allocated to the second user. This
comparison is illustrated in Fig. 4 where the weighted sum of REFERENCES
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